Abstract. The concept of functional differences is described, and the calculus of functional differences developed for the particular case of the exponential function.
n-0
The accuracy of a formula such as (1.5) for given M depends on the form of the function g(x) through the assumption (1.3a) ; for a function g(x) with a rapidly convergent power series expansion in x over the necessary range, (1.5) may represent a good approximation, while functions whose power series expansions converge only slowly or not at all, may give complete nonsense when substituted into (1.5) . In this case, the power series expansion (1.3) is clearly not appropriate.
It may well be however, that a rapidly convergent expansion in powers of some other parameter h exists. If we write h as a function of x :
(1.6) h = h(x), then we can use the formalism of (1.1)-(1.5) by making everywhere the change of variable (1.6a) y = h (x) and expanding in powers of y, with finite difference operators defined over a uniform mesh in y-space. This process of an analytic change of variables is seldom convenient, and often introduces extraneous difficulties of its own (when, for instance, a different change of variables is required over different regions of space). We give below an alternative method of procedure which retains a uniform mesh in x-space, and instead adapts the finite difference procedure to expansions in functions other than polynomials in x, by a suitable redefinition of the operator A. The general method and its aims are discussed in Section 2, while a particular case of the method is developed in the succeeding sections, for which the function h(x) of Eq. (1.6) is the exponential function h(x) = e"*.
2. Functional Difference Operators. We define the functional difference operator A/ with respect to the function/(x), and over a mesh of width h, by the relation
and the weighted shift operator E¡ by the relation
is an arbitrary function of x. The operators E¡ , A/ obey the operator relation
Unlike the unweighted operators E, A, they do not commute, but satisfy the commutation relation (2.4) [Ef, Af] « E,A¡ -AjEs = Í^^(x)\e,.
We can see the relation between the operators E¡, Af and a change in independent variable x by taking the limit h -■+ 0. In this limit we have (2.5) Af = hDf where D; is the differential operator D> -.*» s -i-
Hence the operator Af has some of the properties of the unweighted operator A over a uniform mesh in the independent variable y defined in Eq. (2.6). The correspondence is by no means complete, however.
For our purposes the most important characteristic of A/ is the class of functions annihilated by (Af)m. The relation (2.7) (A/)mc7»(x) =0, m> n, defines a set of functions \g"), n = 0, 1, 2, • • • . This set is essentially uniquely defined, apart from multiplicative constants (periodics), and for any function f(x) can be generated recursively from the linear difference equation
where C" is an arbitrary periodic of period h. For instance, we have
For sufficiently regular/(x) the set of functions {</"} is complete, and therefore for an arbitrary function b(x) we can write, at least formally, expansions of the types (1.1)-(1.5) in terms of A¡ , gn rather than A, x":
For the class of functions for which (2.10b) converges rapidly, the expansion (2.10c) will be preferable to (1.5).
Difference operators of the form (2.1) have been considered by Levy and Lessman [1] , who chose (2.11) f(x) = x.
The criterion (2.6) shows that this choice is (roughly) equivalent to the scale change (2.11a) y = logx.
However, Levy and Lessman were interested in the solution of nonlinear difference equations, rather than in expansions of the form (2.10). The exponential differences discussed in this paper have also been introduced by a number of authors [3] , [4] , [5] . In particular, the interpolation formula (6.1) has been given previously by Gould [5] . I am grateful to the referee for pointing out these references.
3. Exponential Differences. We shall discuss in this paper the difference operator generated by the following choice of the function f(x) (3.1) f(x) = e.
This choice has several motivations.
(1) It leads to the particularly simple set of annihilation functions jgn} = {e~nx\. Hence, formulae of the type (2.10c) which we shall derive are exact for polynomials in e~x of degree less than or equal to M. The relationship of this result to the usual finite difference formulae, exact for finite polynomials in x, is apparent and very convenient.
(2) The integration rules derived in Section 7 are translationally invariant; that is, a rule defined on a region Öx remains valid (and fits the same set of functions) over the translated region tt + x. This property is convenient for the generation of cytolic rules by the addition of simple rules over small regions; the present work in fact arose from a general investigation of translationally invariant integration rules.
Let us define the finite difference operator P by the relation
The operator h~ P is clearly a first order approximation to the exponential differential operator R:
Both the operators P and R annihilate the set of functions \e~~mx\. We have the relations: In the following sections we derive a number of operator expansions in terms of P and R. 4 . Taylor Series Expansion. Using the simple relations
we derive in the standard manner the Taylor series expansion for a function f(x) :
5. An Expansion for R in Terms of P. Let us assume that there exists an expansion of the form
Given such an expansion, we can find the coefficients an most easily with the use of the annihilation functions {e~"x}. These functions form a complete set; moreover, the operator R is linear, and hence the condition (3.4b) for m = 0, 1, •••,<» is sufficient to define the coefficients o" . Moreover, (3.5) implies that the set of linear equations obtained is triangular, and can be solved by successive substitution. The result is the expansion
where z is defined by (3.4c). Eq. (5.2) is most easily proven by operating with both sides on the function e~mx. The relation
valid for arbitrary m. The identity (5.4) can be proved simply for integer m, for which the series terminates, by induction on m.
6. An Interpolation Formula. In a similar manner we can derive the interpolation formula 00 (6.1)
Again, (6.1) is most easily proven by applying it to the function e~mx, m = 0, 1 • • • «>. This yields the identity
The identity (6.3) is most easily proven for integral m by induction on m, together with a straightforward direct proof for arbitrary p when m = 0.
All of the Eqs. (6.1), (5.1), (4.1) may be truncated after the iVth term; they are then exact when operating on a polynomial in e~x of degree N or less.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use 7. Integration Formulae. In this section we derive a number of integration rules, also designed to be exact when operating on polynomials in e~x (a) Rules derived from the interpolation formula (6.1). We can derive a rule for the integral It ,v (7.1) It,,f(x) = J ' f(x) dx by integrating Eq. (6.1) for the function/(i + qh) with respect to q from 0 to p. In Eq. (7.1), ItlP is a linear operator acting on/(x). If we cutoff (6.1) after N terms, the resulting rule is exact for polynomials in e~x of degree N; we can generate a sequence of rules of successively higher degree by increasing N. These rules are connected very simply with each other. If we write a rule of degree N found in this way as
then the annihilation property (3.5) implies that the coefficients a" are independent of N. We find on integration of (6.1) the following first few values for a" :
We have left the range of integration ph free in Eq. (7.3). However, two particular choices of p naturally stand out.
(i) An integration rule of degree N of the form (7.2) contains the term PNf(t), and hence refers to the function/evaluated at mesh points x = t, t + h, ■ ■ ■ , t + Nh. It is often convenient to refer only to points inside the range of integration, including the ends; we therefore take the particular choice p = N and obtain the following rules from (7.3).
Rule A, Degree 1, p = N = 1:
Rule B, Degree 2,p = N = 2:
, -1 + 2z(2fe -1) + 2z2(l +z) -zA _2(p2l t(f.
-e P jf(t).
Rule A is exact for the functions 1, e~x, while rule B fits also e~2x. They are the analogues for the exponential functions of the usual trapezoidal rules and Simpson's rules respectively.
(ii) The choice of annihilation functions é~mx to be fitted suggests the construction of rules valid over an infinite domain p -> w. Such rules are useful in their own right for integrating exponentially decreasing functions over an infinite region, when the usual expansion in powers of x of course runs into difficulties. The integration rule defined by (7.2), (7.3) is not useful for this purpose, since each of the terms diverges in this limit. This is a consequence of fitting the function 1.
(b) Modified rules. The results (7.3) are identical with the weights defined by insisting directly that the rule (7.2) fit the functions 1, e~x, e~2x, • • • . We can obtain modified rules by not fitting the function 1. The simplest of these is obtained by setting oo = 0 and writing pt+ph tr (7.6) ï™f(x) ~ f(x) dx = Z Ke^Pyd).
Jt a=l
The coefficients bn in (7.6) are again independent of N, and the first two are 1 -zp 6< = i^r> (7.7)
(1 -zp)(zp -2z -1)
The coefficients (7.7) do not diverge as p -> °° ; however, rule (7.6) is clearly not the most efficient possible. It is designed to fit the functions e~mx, m = 1, 2, 3, • • • ; but the degree 1 rule, involving two points, fits only one function e~x, while the degree 2 rule obtained from (7.7) involves the evaluation of f(x) at three points and fits only two functions. A better procedure is therefore to write pt+p N (7.8) V$f(x) ca f(x) dx = Z C"," e^Pnf(t),
•>t n-0 where the coefficients Cn,n now depend explicitly on the degree N, and are defined by the requirement that the rule of degree N fit the functions e~x, e"2x ■ ■ ■ (r(-N+1)zWe find in this way the following rules. Rule C, N = 1, fits e~x, e"2x
Rule T),N = 2, fits e'x, e"2x, e~3x
C",2 = (1 ~f] !6z3 -(1 -zp)(l -3« -3z2 + 2zp)}, oz4 (7.10) Cll4 -l\~ zP)\ (1 -3z -3z2 + 2zp),
From these rules we obtain two rules of degree 1 and 2, analogous to (7.4) and (7.5).
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RuleC',p = 1, N = 1:
Äufe D', p = 2, JV = 2:
We also obtain two rules over the domain í to oo, valid for h > 0.
Rule C", N = 1:
ÄwZe D", iV = 2:
r4t \ a r-1 + ^ + & + fe3, d -3z -3z2) _,D J, /U) * = |_-<**-+ 6z3(l-z) 6 P (7.14)
2]f(t).
Rules C', C" and D', D" fit the same functions as rules C, D respectively.
8. Numerical Examples. We conclude by giving some simple numerical examples of the use of the various rules derived above, and compare them with the corresponding conventional forward difference rules. We shall use the expansions on a number of simple test functions, which we define as follows
Mx) = e + e + e , fz(x) = x + x2 + x3 + x4, Uix) = e~x + e~2x + e~3x + e"4*, The functions /i and f2 are annihilated by A4 and Pi respectively, and hence are fitted exactly with some of the rules tested below. The functions f3 and /4 test the Table 2 Differentiation h = 0. Table 2 gives a comparison of (8.3) and (5.2). C. Integration. The integration rules of Section 7 share one useful property with the usual rules fitted to polynomials in x: they are translationally-invariant, that is, the relative weights an assigned to the points in basic cell are independent of the origin of the cell. It is therefore a simple matter to generate cylolic rules over a large region by piecing together rules for smaller regions. Table 3 compares such cytolic rules generated from the three point formulae (7.5) and (7.12), with the usual cytolic Simpson's rule, for the region 0 i£ x ^ 2.
In this table, as in Tables 1 and 2 , the step length is taken to be h = 0.1. Finally, Table 4 gives an example of integration over an infinite domain using Eq. (7.14).
9. Discussion. These illustrative examples show clearly the expected result: expansions in P are better than expansions in A for some functions, and worse for others. The necessary exponential differences are more time-consuming to form than the usual difference tables; but the gain in their use is, for suitable functions, so marked as to more than compensate for this. This is especially so if, as may well occur in practice, the calculation of the functions themselves takes much longer than the differencing.
The results of Tables 3 and 4 are especially interesting. We see that, except in the special case of function 2, the rule (7.5) is better than (7.12). We recall that, although both rules contain terms up to P2, Eq. (7.5) fits the function 1, e~~V~ x, while (7.12) fits the function e~3x but not the function 1. For a cytolic numerical integration scheme, in which the whole region of integration is divided into unit cells which are integrated over separately, it is clearly usually (but again not always) advantageous to fit the constant function.
The major justification of (7.12) is that it leads to the rule (7.14) for integration over an infinite region. Table 4 shows clearly the use of the rule in estimating the tail of an integral. It also shows, as should be expected, that it does not pay to make h small in this estimation.
We have discussed in this paper only forward differences, but backward and central differences formulae can be given in a similar manner; and the simple results given here can be extended in a number of directions in a straightforward manner. Some of these extensions will be dealt with in later papers.
